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Abstract. Let p be a prime number and let n be a non-zero natural number. 
We compute the descending Loewy series of the algebra IZn/pTZn, where 1Z n 
denotes the ring of virtual ordinary characters of the symmetric group & n . 



Let p be a prime number and let n be a non-zero natural number. Let F p be the 
finite field with p elements and let 6„ be the symmetric group of degree n. Let 1Z n 
denote the ring of virtual ordinary characters of the symmetric group 6„ and let 
TZ n = F p ®z Ttn = TZ-n/pTZ-n- The aim of this paper is to determine the descending 
Loewy series of the F p -algebra TZ n (see Theorem A). In particular, we deduce that 
the Loewy length of Tl n is [n/p] + 1 (see Corollary B). Here, if x is a real number, 
[x] denotes the unique r £ Z such that r ^ x < r + 1 . 

Let us introduce some notation. If ip 6 lZ n , we denote by tp its image in lZ n . 
The radical of TZ n is denoted by Rad7£ n . If X and Y are two subspaces of TZ n , we 
denote by XY the subspace of TZ n generated by the elements of the form xy, with 
x E X and y E Y. 

Compositions, partitions. A composition is a finite sequence A = (Ai, . . . , A r ) of 
non-zero natural numbers. We set |A| = Ai + • • • + A r and we say that A is a com- 
position of |A|. The Ai's are called the parts of A. If moreover Ai ^ A2 ^ . . . ^ A r , 
we say that A is a partition of |A|. The set of compositions (resp. partitions) of n is 
denoted by Comp(n) (resp. Part(n)). We denote by A the partition of n obtained 
from A by reordering its parts. So Part(n) C Comp(n) and Comp(n) — > Part(n), 
A 1 — > A is surjective. If 1 ^ i ^ n, we denote by ri(X) the number of occurences of i 
as a part of A. We set 

' -n(\y 



*p(A)=E[ 



Recall that A is called p-regular (resp. p-singular) if and only if 7r p (A) = (resp. 
7T P (A) ^ 1). Note also that 7r p (A) e {0, 1, 2, . . . , [n/p]} and that 7r p (A) = 7r p (A). 
Finally, if i ^ 0, we set 

Part 4 (p) (n) = {A 6 Part(n) | tt p (A) > i}. 



Young subgroups. For 1 ^ i ^ n — 1, let s, = (i,i + 1) s 6 n . Let 5„ = 
{si, S2, . . . , s„_i}. Then (6„, S^) is a Coxeter group. We denote by £ : & n —> N 
the associated length function. If A = (Ai, . . . , A r ) S Comp(n), we set 

5 A = {s, I V 1 < j ^ r, i ^ Ai + • •• + A,-}. 

Let 6a =< Sa >. Then (&\,S\) is a Coxeter group: it is a standard parabolic 
subgroup of 6„ which is canonically isomorphic to &\ 1 x • • ■ x &\ r . Note that 

(1) 6a and 6 M are conjugate in & n if and only if A = /t. 
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We write A C /i if 6a C 6 m and we write A ^ /j, if ©a is contained in a subgroup 
of & n conjugate to 6 M . Then C is an order on Comp(n) and ^ is a preorder on 
Comp(n) which becomes an order when restricted to Part(n). 

Let X\ = {w £ & n | V x £ 6a, t(wx) ^ (-{w)}. Then X\ is a cross-section of 
6„/6 A . Now, let Af x = N &n (6 A ) and W{\) = Af\f)X x . Then W(\) is a subgroup 
of A/a and A/a = W(X) K 6 A . Note that 

(2) W(A)~6 ri(A ) x---x6 rn(A) . 

Recall that, for a finite group G, the p-rank of G is the maximal rank of an elemen- 
tary abelian p-subgroup of G. For instance, [n/p] is the p-rank of & n . So 

(3) ^(A) is the p-rank ofW(X). 
If A, /I £ Comp(n), we set 

X\fj, = (X\) 1 n Xp. 

Then X\^ is a cross-section of 6a \6„/6 m . Moreover, if d £ X\^, there exists a 
unique composition v of n such that 6a H ^6^ = 6^. This composition will be 
denoted by A fl d /x or by d fi n A. 

TTie ring If A £ Comp(n), we denote by 1a the trivial character of 6a and 

we set (p\ — Indg" 1a- Then, by (1), we have ip\ — ip x . We recall the following 
well-known old result of Frobenius: 

(4) (<fix)\eP^t(n) is aZ-basis oJTZ n . 

Moreover, by the Mackey formula for tensor product of induced characters, we have 

( 5 ) <P\<Pn= ^An<V= 

dex XlJ deX x „ 

Let us give another form of (5). If d £ Aa m , we define : A/a n d J\f^ — ► A/a x A/^, 
w i ► (w,d~ 1 wd). Let A d : A/a n d A/^ — ► W(X) x VF(^i) be the composition of A d 
with the canonical projection A/"a x A/^ — > VT(A) x VF(/j). Then the kernel of A^ 
is &\ n d^, so Ad induces an injective morphism A^ : W(X, fi, d) VF(A) x W(fi), 
where VF(A,/x,d) = (A/" A n d A/^)/6AnV Now, IF(A) x W{p) acts on 6a\6„/6 m 
and the stabilizer of 6a<^6^ in W(X) x W(//) is A d (W(\, fj,, d)). Moreover, if d' is an 
element of X\^ such that 6ac£6 m and S^d'S^ are in the same (W(A) x W / (/x))-orbit, 
then ©An<V an d 6 An d' M are conjugate in A/a- Therefore, 

(6) ^""A "WMT VAnV 

where A AAt denotes a cross-section of A/\ VSn/A/^ contained in Xa m . 

T/ie descending Loewy series of TZ n . We can now state the main results of 
this paper. 

Theorem K.Ifi^t Q, we have (Rad^.„)* = © ^ p ^\- 

AePart^V) 

Corollary B. The Loewy length of1Z n is [n/p] + 1. 



Corollary B follows immediately from Theorem A. The end of this paper is 
devoted to the proof of Theorem A. 
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Proof of Theorem A. Let = © ¥ p <p x . Note that 

AePart< p) (n) 

o = n n [n/p]+l) c n n [n/p]) c • • • c nip c = n n . 

Let us first prove the following fact: 



(*) If i, j > 0, then U^-Rtf C . 

Proof of (Jit) . Let A and ji be two compositions of n such that 7r p (A) and 

^ 7- Let <i G X(, be such that p does not divide .^J [jj^i^ll _ By (6) we 
pv ; v |WXA,/z,d)| 

only need to prove that this implies that tt p (X fl d fi) ^ i+ j. But our assumption 

on d means that A<j(W(A, fi, d)) contains a Sylow p-subgroup of W(X) x W(p). 

In particular, the p-rank of W(X,fj,,d) is greater than or equal to the p-rank of 

W(X) x W(fi). By (3), this means that the p-rank of W(X, /j,, d) is ^ i + j. Since 

W(X,fi, d) is a subgroup of W(X n d n), we get that the p-rank of W(X n V) is 

^ i + j. In other words, again by (3), we have 7r p (A n d [i) ^ i + j, as desired. □ 



By (#), Tin is an ideal of lZ n and, if i ^ 1, then 7£„ is a nilpotent ideal of TZ., 
Therefore, TZn^ C Rad7^„. In fact: 



(0) Radft„=ft«. 

Proof of First, note that Rad7?.„ consists of the nilpotent elements of TZ n 
because fl n is commutative. Now, let ip be a nilpotent element of fi n . Write 99 = 
SAePart(n) a A^A an d let A G Part(n) be maximal (for the order < on Part(n)) such 
that a\ f= 0. Then, by (6), the coefficient of p\ a in ip r is equal to a^ o |W(Ao)| r ~ 1 . 
Therefore, since ip is nilpotent and oa ^ 0, we get that p divides |W(Ao)|, so that 
A G Part^(n) (by (3)). Consequently, ip — a\ a ip\ a is nilpotent and we can repeat 
the argument to find finally that ip G TZiP ■ □ 



We shall now establish a special case of (5) (or (6)). We need some notation. 
If a = («!, . . . , a r ) is a composition of n' and (3 — (/3\, . . . , (3 S ) is a composition of 
n", let a U (3 denote the composition of n' + n" equal to (ai, . . . , a r ,/3i, . . . , (3 r ). 
If 1 ^ j ^ n and if ^5 k ^[n/j], we denote by u(n,j,k) the composition (n — 
jk,j,j, . . . , j) of n, where j is repeated k times (if n = jk, then the part n — jk is 
omitted). If A G Comp(n), we set 

M(A) = {0} U {1 sC j < n I p does not divide r^(A)}, 
m(A) = maxM(A), 
J(A) = {0}U{l<j<n|r j (A)>p} ) 
j(A) =minJ(A) 

and jm(A) = (j(A),m(A)). 

Let I = {0, 1, . . . , [n/p]}. Then jm(A) £7x7. Let us now introduce an order =^ 
on I x I. If (j, to), (j',m') are two elements of I x 7, we write fj, to) =^ (j',m') if 
one of the following two conditions is satisfied: 

(a) j < j'- 

(b) j = j' and to ^ to'. 

Now, let i ^ 1 and let A G Part^\(n). Let (j, to) = jm(A). Then A = a~\Jv~ , 
where a is a partition of n — m — jp and vq — v(m + jp, j, p) . Let A = a U (to + jp) . 
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Then tt p (X) = i (indeed, r m+ j p (X) = 1 + r m+jp (a) = 1 + r m+rp (X) and, by the 
maximality of m, we have that p divides r m+ j P (Xj) and 

V€Part^(n) 7 
jm(f*)-<(j,m) 

Proof of (9?). Let = i/(n,j,p). Since 7r p (A) = i + 1 ) 2, there exists / G 
{1,2,..., [n/p]} such that 7y(A) ) p. Then j' ) j (by definition of j), son) 2pj. 
In particular, n — pj > j, so W(v) ~ 6 p . Now, if m' > m, then r m >(a) = r m /(A), 
so 

(V) V m' > m, r m '(a) = mod p. 

Also 

(<?") Vl^m + jp, n(X) =n(a) 

and 

(<?'") r m+JP (A) = r ro+ j„(a) + 1. 

Now, keep the notation of (6). We may, and we will, assume that 1 G X'?. First, 
note that i/flA = aUv and that the image of Ai in W(v) x W(X) is equal to 
W{v) x W(a). But, by (9'), (<?") and (9"'), the index of W(a) in W(A) is = 1 
mod p. Thus, by (6), we have 

x \W{u)\.\W{X)\ 
W = <fx + E J ^x- 

v , „ , P v , , , ,. . , |W(i/)|.|W(A)| 
Now, let a be an element ol A, ; such that p docs not divide = = a;<j 

|W(i/,A,d)| 

and such that jm(z/ (~l d A) ^ jm(A). It is sufficient to show that d G N V N~ X . Write 
a = (ai, . . . , a r ). Then 

i/ n d A = (m , . . . , n r , n ) u U • • • U j W , 

where n k ) and is a composition of j with at most r + 1 parts. Since p does 
not divide x d , the image of M v n d A^ in W{v) contains a Sylow p-subgroup of 
W{v) ~ 6 p . Let w G AC H d A^ be such that its image in W(v) is an element of 
order p. Then there exists a G & v such that wa normalizes 6„ n d A - In particular, 

jW = • • • = jM. So, if ^ (j), then j(z/ n d X) < j(A), which contradicts our 
hypothesis. So = ■ ■ ■ = = (j). Therefore, 

A n d V = u(ai, j, fei) U • • • U u(a r ,j,k r ) U u(m + jp,j, k ), 

where ^ fc, ^ p and X)[=o ^* = P- Note that (n l7 . . . , n r , n ) = (ai — k\j, . . . , a r — 
k r j, a — koj) where, for simplification, we denote ao = m+jp. Also, j(A(~l d V) ^ j 
and, since jm(A n d v) >p (j,m), we have that m(A Ci d v) < m. Recall that 
d~ x wd G A/^. So two cases may occur: 

• Assume that there exists a sequence < i\ < ■ ■ ■ < i p ^ r such that ^ k il — 
■ ■ ■ = ki p (= 1) and such that = ■ ■ ■ = on p . So r;(A n d v) = n(A) mod p for 
every I > 1. In particular, r TO +j p (An d V) = l + r m +j p (a) = 1 mod p by and 
(W"). Thus, m(A n d v) > m + jp > m, which contradicts our hypothesis. 

• So there exists a unique i G {0,1, ... ,r} such that fcj = p. Consequently, fc,/ = 
if *' ^ t. If a t > m+jp, then r Qi (An d ~ V) = r« s (A) - 1 = r Q , (a) - 1 (by (0?")), so p 
does not divide r Qi (A n d v) (by (W)), which implies that m(A n d v) ) aj > m, 
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contrarily to our hypothesis. If on < m + jp, then r m+Jp (A n d v) = r m +j p (A) = 
r m +j P (ct) + 1 (by Cv ) '")), sop does not divide r m+ j p (Xr\ d V) (by iP')), contrarily 
to our hypothesis. This shows that a* = m + jp. In other words, d <G Af^N u , as 
desired. □ 

By Theorem A follows immediately from the next result: if i ^ 0, then 



(4) n^n^ = n +1 i 

Proof of (4). We may assume that i > 1. By (Jit), we have Hn^Hn^ C TZn +1 \ So 
we only need to prove that, if A 6 Part^\(n) then (p\ e TZn^TZn^ . But this follows 
from (V) and an easy induction on jm(A) 6 I x I (for the order =<!). □ 
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